We have examined the localization properties of quantum eigenstates for a system having mixed-type classical dynamics. Emphasis is given to the structure of eigenfunctions and the local spectral density of states. The nature of strongly localized eigenstates can be explained by considering the corresponding classical motion on the Kolmogorov-Arnold-Moser tori. The weak localization of nearly delocalized eigenstates is not a quantum effect as is dynamical localization but a consequence of classical dynamics.
I. INTRODUCTION
The quantum-mechanical behavior of systems that are chaotic in the classical limit has been the subject of considerable recent interest ͓1-3͔. One major modification that quantum mechanics introduces to the classical picture of deterministic chaos is the suppression of chaotic diffusion, a phenomenon usually referred to as dynamical localization ͑DL͒. Since it was first observed in numerical simulations of the kicked rotator model ͓4͔, this striking quantum phenomenon, a dynamical version of Anderson localization in solids ͓5͔, has been under intense investigation. In particular, theoretical and experimental investigations of microwave ionization of Rydberg atoms ͓6-10͔ and recently of momentum transfer in cold atoms ͓11-14͔ have provided evidence for the appearance of DL.
It should be noted, however, that investigations conducted up to now have been limited to DL occurring in time-driven systems. Quantum calculations performed in the past have treated the external driving force classically and should strictly speaking be categorized as semiclassical treatments. The question still remains whether the existence of DL has been confirmed by fully quantum calculations. Recently, it has been shown ͓15͔ that DL also appears in a nearly circular stadium billiard. From the estimate of the localization length in the angular momentum space, the authors of Ref. ͓15͔ found that the statistics of neighboring level spacing could change from Wigner-Dyson to Poisson when the energy range is varied. To our knowledge this is the first evidence for DL in a conservative Hamiltonian system. How one should approach the question of localization in conservative Hamiltonian systems is not immediately clear; since energy is conserved in both classical and quantum systems, we must follow the time evolution only on the energy hypersurface. In classical mechanics this is easily realized by considering the dynamics on the energy hypersurface, but in quantum mechanics the only states with fixed energy are eigenstates unless the spectrum is degenerate ͓16͔. This is resolved by considering the flow between phase-space localized states ͑usually coherent states͒. Another approach is to investigate the localization properties of eigenstates for a typical conservative Hamiltonian or random matrix ensemble ͓17͔, where in the latter the main attention is paid to the banded random matrices ͑BRM͒ ensemble ͓18,19͔. Casati et al. introduced the ergodicity parameter depending on both the band width and average localization length, which plays an important role in determining the localization properties in the BRM ͓20͔. When it is large, the eigenfunctions ͑EF's͒ of BRM become ergodic, i.e., delocalized over the whole energy shell. In the opposite case, however, they appear to be localized in the eigenstate space of the unperturbed Hamiltonian. When quantum localization occurs, the EF's were shown to be typically narrow and solid with centers randomly scattered within a semicircle energy shell, while the local spectral density of states ͑LSDS͒ is extended over the whole shell, but is sparse.
Generic conservative Hamiltonian systems exhibit mixedtype dynamics; the regular Kolmogorov-Arnold-Moser ͑KAM͒ tori and irregular chaotic trajectories coexist in phase space. In 1973 Percival conjectured that, in the semiclassical limit, the spectrum of a generic dynamical system consists of two parts with strong contrasting properties: a regular and an irregular part ͓21-23͔. Bohigas et al. ͓24͔ achieved a systematic separation of eigenstates of two coupled quartic oscillators into a regular and an irregular group. The separation was based on the observation that the levels associated with quantized tori appear as quasidegenerate doublets in the spectrum of systems having discrete symmetries. By studying the regular and irregular spectra independently after the separation, they showed that Percival's scheme works well.
In this paper we address the issue of quantum localization in a typical generic conservative Hamiltonian system, namely, the Pullen-Edmond system ͓25͔. We look in particular for quantum-classical correspondence ͑or noncorrespondence͒ by investigating the relation between the localization properties of LSDS and those of EF's. Our model system and its Hamiltonian structure are described in Sec. II. In Sec. III localization properties of LSDS and EF's are investigated in detail. For our model system the structure of LSDS can easily be interpreted by investigating classical dynamics. We show eventually that a strong quantum-classical correspondence exists for both EF's showing strong localization and EF's exhibiting delocaliztion or weak localization ͓26͔. Finally, concluding remarks are given in Sec. V.
II. MODEL SYSTEM AND HAMILTONIAN STRUCTURE
The system we consider is the Pullen-Edmond system, a two-dimensional autonomous Hamiltonian system representing two nonlinearly coupled simple harmonic oscillators. The Hamiltonian for the system is given by
For our computation we fix mϭ1, x ϭ0.8, y ϭ1.25, and ϭ0.3 in an arbitrary unit system. We note that the transformation →Јϭ/␥ (␥ ϭ const͒ does not alter the dynamical nature of the system if the transformation x→xЈϭͱ␥x, 
Due to the choice of different values of x and y , our system has the symmetry of the C 2v point group which has four irreducible representations referred to as A 1 ,A 2 ,B 1 , and B 2 ͓28͔. From now on we only consider the A 1 representation for which basis functions are even in both x and y. Our labeling of the basis, the eigenstates of H 0 , uses a single quantum number ␣ as indicated in Table I . These eigenstates can be divided conveniently into subgroups, each having the same value of (n x ϩn y ). Figure 2͑a͒ shows the global structure of the matrix elements H ␣,␣ Ј , whose band structure differs from those of the Wigner BRM and Ref. ͓29͔ . In particular we see from Fig. 2͑b͒ that off-diagonal elements have a typical periodic structure. The off-diagonal matrix elements H ␣,␣ Ј are small when ␣ and/or ␣Ј correspond to the edges of a subgroup of eigenstates associated with a small n x or n y , while they are large when ␣ and ␣Ј correspond to the middle of a subgroup. This has a simple classical interpretation. The classical trajectories of a phase space point belonging to the edge states are probably regular, because a small n x (n y ) means a small coupling x 2 y 2 /2 and thus oscillation occurs predominantly along the y(x) axis.
The periodic structure seen above can be better understood by examining the phase-space structure of the system. For this purpose we choose to use the Q function, i.e., the quantum phase-space distribution function in the coherent state representation ͓30,31͔. The Q function best fits our purpose because it has the simplest structure among quantum distribution functions and still displays all the essential features of the states of the system. The Q function for an unperturbed eigenstate ͉␣͘ of our system characterized by the quantum numbers n x and n y is given by ͓31͔ 
2 ) for the ␣ϭ65 (n x ϭ0,n y ϭ20) and ␣ϭ60 (n x ϭ10,n y ϭ10) states, respectively, where we set បϭ1 in an arbitrary unit system we adopt. The functions F Q plotted in Figs. 3͑a͒ and 3͑b͒ may be considered as quantum Poincaré surfaces of section corresponding to the unperturbed eigenstates of ␣ϭ65 and ␣ϭ60. One can clearly see, by comparing Figs. 3͑a͒ and 3͑b͒ with Fig. 1͑a͒ , that the distribution of the ␣ϭ60 state is localized mostly at the classically chaotic region, while that of the ␣ϭ65 state is concentrated in the classical Kolmogorov-Arnold-Moser ͑KAM͒ island near the origin.
To gain further insight we consider the motion in the coordinate space. The classical KAM island near the origin in Fig. 1͑a͒ corresponds to the straight line motion along the y axis indicated by the vertical line with arrows in Fig. 4 . This motion may be considered as a classical representation of the ␣ϭ65 unperturbed eigenstate because this eigenstate with n x ϭ0 has no node along the x direction. We also show the density ͉(x,y)͉ 2 of the wave function of the ␣ϭ65 state in the same figure.
III. LOCALIZATION OF EIGENSTATES
For our discussion of localization, we first find the unitary matrix U that diagonalizes the total Hamiltonian H,
Denoting the matrix elements of U as c m ␣ , where ␣ and m refer, respectively, to the quantum numbers of the eigenstates of the unperturbed Hamiltonian H 0 and the total Hamiltonian H, the column vector (c m 1 ,c m 2 ,c m 3 , . . . ) represents the mth eigenstate ͉m͘ of H expressed in terms of the eigenstates of H 0 ͑i.e., the spectrum of the state ͉m͘), while the row vector (c 1 ␣ ,c 2 ␣ ,c 3 ␣ , . . . ) represents the ␣th eigen- 
A. Localization of LSDS
In this paper we adopt the inverse partition ratio ͑IPR͒ as the localization measure. The IPR of the unperturbed eigenstate ͉␣͘ is calculated from
where N is the total number of eigenstates ͉m͘ of the total Hamiltonian H. In our actual calculation of L IPR (␣), we have included in the sum only classically accessible states among all possible states ͉m͘. The number N in Eq. ͑7͒ can thus be considered as the number of classically accessible eigenstates ͉m͘, and it varies with ␣. L IPR (␣) as defined by Eq. ͑7͒ can take a value as large as N when the state ͉␣͘ is most highly localized ͑i.e., when c m ␣ is nonzero for only one particular value of m) and as small as 1 when the state ͉␣͘ is uniformly distributed ͑i.e., when c m ␣ ϭ1/ͱN for all m) ͓32,34͔. Figure 5 shows L IPR of the unperturbed eigenstates which indicates clearly that the eigenstates ͉␣͘ belonging to the edges of each subgroup ͑i.e., those states with a small n x or n y ) have large values of L IPR . As explained in the previous section, these states correspond classically to regular trajectories around stable KAM tori and can thus be expected to exhibit strong localization. In order to emphasize the strong correlation between localization and the quantum numbers (n x ,n y ), we plot in Fig. 6 L IPR versus n x /(n x ϩn y ). Clearly, L IPR is large when n x /(n x ϩn y )Ϸ0 ͑i.e., when n x Ϸ0) and when n x /(n x ϩn y )Ϸ1 ͑i.e., when n y Ϸ0). We note that the graph is not symmetric about n x /(n x ϩn y )ϭ0.5, because x and y are not the same.
B. Localization of EF
We also use IPR in order to investigate the localization properties of EF's. The IPR of an eigenstate ͉m͘ of the total Hamiltonian is given by 
where N is now the total number of eigenstates ͉␣͘ of the unperturbed Hamiltonian H 0 . We also consider only classically accessible states when calculatiing L IPR (m) according to Eq. ͑8͒. We choose EF's, arranged in ascending order of eigenenergy, from 300th to 700th, which correspond to the region 19.75рEр32.57. In this range of E, almost the entire classical phase space is chaotic. Figure 7 shows L IPR of these eigenstates. The distribution seen in Fig. 7 seems rather random, in contrast to the regular pattern of Fig. 5 . This reflects the fact that for a system having mixed type classical dynamics, it is normally difficult to tell whether a given eigenstate ͉m͘ is associated with regular or irregular classical trajectories. Despite the difficulty, however, it can be seen from Fig.  7 that the eigenstates ͉m͘ can largely be divided into two groups, ''localized states'' characterized by large values of L IPR (m) and ''delocalized states'' having small values of L IPR (m). In Figs. 8͑a͒ and 8͑b͒ , respectively, we show the spectrum of typical localized (mϭ534, L IPR ϭ220.5) and delocalized (mϭ535, L IPR ϭ3.588) states drawn in terms of the quantum number ␣ of the unperturbed eigenstates. It should be noted that the (mϭ535) state of Fig. 8͑b͒ , although we call it a delocalized state to distinguish from a strongly localized state such as the (mϭ534) state of Fig.  8͑a͒ , is not completely delocalized, which we refer also to as weakly localized ͓26͔.
In order to investigate further the characteristics of the localized and delocalized states, we recast Fig. 8 into a twodimensional shadow plot of the spectrum drawn in terms of the two quantum numbers n x and n y of the unperturbed eigenstates. The result is shown in Fig. 9 , where the probability is indicated by the degree of darkness. It can be clearly seen that the localized (mϭ534) state has the probability distribution localized near n x ϭ0, whereas the delocalized (mϭ535) state shows a more or less randomly distributed probability.
It may be worthwhile to recall that although n x and n y are not good quantum numbers for the system described by the total Hamiltonian H, the mean values ͗n x ͘ and ͗n y ͘ can of course be defined and calculated for a given eigenstate ͉m͘ of H. In Fig. 10 we show L IPR (m) plotted as a function of ͗n x ͘/͗n x ϩn y ͘. One can immediately see that a remarkable correspondence exists between Fig. 10 and Fig. 6 . This correspondence between L IPR of EF's and L IPR of LSDS's is significant, because, as discussed earlier, the latter has a simple classical interpretation.
The physical characteristics of our localized and delocalized states can be best illustrated by looking at the statistical properties of eigenvalues ͓17,33͔ belonging to each group separately in Percival's spirit ͓21͔. We set the dividing line between the localized and delocalized states to be a somewhat arbitrary L IPR value of 10; i.e., EF's with L IPR у10 are considered as localized states and EF's with L IPR Ͻ10 delocalized states. Our choice of the L IPR value 10 has no particular physical significance. The results shown below are independent of this value, unless it is chosen unrealistically too large or too small. With our choice of L IPR ϭ10, there are 161 localized states and 544 delocalized states within the range we consider. In Figs. 11͑a͒ and 11͑b͒ we show nearestneighbor level spacing distributions for the localized and delocalized states, respectively. One can see that the level spacing distributions of the localized and delocalized states exhibit roughly Poisson-like behavior and Wigner-like behavior, respectively. For a closer look we show in Fig. 12 the   FIG. 9 . Spectrum of ͑a͒ the localized (mϭ534) state and ͑b͒ the delocalized (mϭ535) state drawn as a function of n x and n y . The probability is indicated by the degree of darkness. The inset in ͑a͒ shows an expanded view of the spectrum of the localized (m ϭ534) state. ⌬ 3 statistics of the eigenvalues of the localized and delocalized states. It can be seen that the eigenvalues of the delocalized states follow the Wigner distribution fairly closely, while those of the localized states exhibit the behavior intermediate between the Poisson and Wigner distributions. We mention that the level spacing distribution and ⌬ 3 statistics of the entire eigenvalues of both the localized and delocalized states exhibit Wigner-like behavior. Now we investigate the structure of the unitary matrix U. In Fig. 13 we show the matrix elements whose absolute square is greater than 0.1. We mention that 0.1 has no particular physical meaning. It is simply a fairly large number, because, if we assume a uniform distribution in both EF's and LSDS's, the values of the matrix elements would be equal to 1/N(Ϸ0.001). Comparing Fig. 13 with Fig. 5 and with Fig. 7 , it can be concluded that the quantum numbers ␣ associated with large matrix elements of U coincide with the quantum numbers ␣ associated with high L IPR (␣), and similarly the quantum numbers m associated with large matrix elements of U coincide with the quantum numbers m associated with high L IPR (m). This is another indication that the localization of EF's is directly linked to the localization of LSDS's which is in turn directly related to the localization of classical trajectories on the KAM tori. It is noted that the upper branch and the lower branch in Fig. 13 correspond to the localization of EF's along the x axis and the y axis in the coordinate space, respectively.
Finally we take a closer look at the localization properties of delocalized EF's having very small L IPR (Շ3.5). We have already seen from Fig. 8͑b͒ that a typical delocalized eigenstate is not completely delocalized, rather it is weakly localized and sparse. In Fig. 14 we show the probability distributions of some delocalized EF's drawn as a function of the unperturbed energy E 0 calculated by both classical and quantum methods. To obtain the classical distribution, we first chose 50 sets of initial coordinates and momenta (x 0 ,p x0 ,y 0 ,p y0 ) on the constant total energy surface E ϭE m , where E m is the energy of the EF being considered. In order to assure that our initial points correspond to the delocalized EF, we first chose x 0 and p x0 randomly from the chaotic sea of Fig. 1͑a͒ and set y 0 ϭ0. The p y0 value is then fixed by
For each set of initial points (x 0 ,p x0 ,y 0 ,p y0 ) so chosen, we then computed numerically classical trajectories to obtain "x(t n ),p x (t n ),y(t n ),p y (t n )…, where t n ϭn⌬t and ⌬t is the time step for integration. At each t n , we also computed E 0 (t n ) given by
͑10͒
For our computation we chose ⌬tϭ0.001 and n ϭ1,2, . . . ,500 000 ͑i.e., the integration was carried out from tϭ0 to tϭ500 000⌬tϭ500). Repeating the same procedure for all 50 sets of initial points, we collected a total of 500 000ϫ50ϭ25 000 000 values of E 0 , from which the classical distribution shown in Fig. 12 was obtained. We note that the classical distribution computed as above is independent of the integration time step ⌬t and of the number of the trajectories. The corresponding quantum distribution is obtained by calculating
where the summation is performed over those unperturbed eigenstates that have an eigenenergy E ␣ in a fixed small energy interval E 0 рE ␣ рE 0 ϩ⌬E 0 , where for our computation ⌬E 0 was taken to be ⌬E 0 ϭE m /80. For the state ͉m͘ considered in Fig. 12 , ⌬E 0 is roughly given by 1. One can see from Fig. 14 that a remarkable correspondence exists between the classical and quantum probability distributions of the delocalized EF's. This means that the weak localization of the delocalized EF's is a classical effect and is probably not related to quantum ͑dynamical͒ localization. This is in agreement with the previous result of Ref. ͓29͔.
IV. CONCLUSIONS
The main conclusion that can be reached from our investigation is that there exists a strong correspondence between quantum and classical descriptions of the Pullen-Edmond system. The strong localization of EF's can be explained by considering the corresponding classical motion on the KAM tori, and the weak localization of the delocalized EF's can be understood in terms of the corresponding classical probability distribution. There is no trace of quantum dynamical localization in the autonomous Hamiltonian system being considered.
One of the main issues of the quantum chaos research carried out recently on conservative systems is the structure of EF's. In this paper we investigated the relation between the localization of LSDS and that of EF's by considering the unitary matrix U that diagonalizes the Hamiltonian of the system. In our model system the localization of LSDS can be explained by considering the Hamiltonian structure. The offdiagonal components of H have a typical periodic structure ͓Fig. 2͑b͔͒; they are small at the edges of each subgroup of eigenstates, while they are large at the middle of each subgroup. One can see from Fig. 5 that the unperturbed eigenstates corresponding to the edges of each subgroup also have a large L IPR ͑which means strong localization͒, while the unperturbed eigenstates corresponding to the middle of each subgroup have a small L IPR ͑which means delocalization or weak localization͒. An unperturbed eigenstate having small off-diagonal components can be nearly isolated from other states. It thus exhibits a strong localization and has a large L IPR . The structure of the off-diagonal components of the Hamiltonian considered in the present work is strongly different from that of the conventional BRM where offdiagonal matrix components are randomly chosen or have the same value. The nonuniform structure of the off-diagonal components possesses information on the mixed type dynamics ͑KAM tori and chaotic region͒ of its classical counterpart. Therefore, the classical dynamics, the Hamiltonian structure ͑especially the structure of the off-diagonal components͒, and the structure of EF's are closely related to one another, which leads to the strong quantum-classical correspondence observed in this work for both localized and delocalized EF's.
